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Abstract
We discuss the anomalous U(1) gauge symmetry as a mechanism of generating
the grand-unification scale. We conclude that unification to a simple group cannot
be realized unless some parameters are “tuned”, and that models with product
gauge groups are preferred. We consider the “R-invariant natural unification”
model with gauge groups SU(5)GUT×U(3)H . In this model the doublet-triplet
splitting problem is solved and the unwanted GUT relation ms = mµ is avoided
maintaining mb = mτ . Moreover, R-invariance suppresses the dangerous proton
decays induced by dimension four and five operators.
1 Introduction
Three gauge coupling constants of the standard-model gauge interactions determined
at the weak scale µ ≃ mZ strongly suggest supersymmetric (SUSY) grand unification
(GUT) of all gauge groups SU(3)C , SU(2)L and U(1)Y at a very high energy scale,
MGUT ≃ 2× 10
16GeV. If the gravitational scale M∗ ≃ 2.4× 10
18GeV is the fundamental
cut-off scale of field-theory description of nature, it implies the presence of a mild hier-
archy MGUT/M∗ ≃ 10
−2. It is very natural to consider such a hierarchy is a low-energy
manifestation of more fundamental theory.
There is a mechanism which generates such a mild hierarchy. It is an anomalous
U(1)A gauge symmetry whose anomalies are cancelled by Green-Schwarz mechanism [1].
The anomalous U(1)A gauge symmetry often appears in low energy effective theories
of string theories [2]. Since the sum of U(1)A charges is non-zero, TrQA 6= 0, in the
anomalous U(1)A gauge symmetry, Fayet-Iliopoulos (FI) term is induced at one-loop
level [3]. In pertubative heterotic string theories it is given by
LFI = g
2
A
TrQA
192π2
M2∗DA ≡ ξ
2DA. (1)
If all fields have no VEVs, D-term is non-zero so that SUSY is broken. Instead, one
usually assumes that some field φ has VEV to restore SUSY and define the normalization
of U(1)A charge so that φ has a U(1)A charge −1. In this normalization 〈φ〉 = ξ and a
mild hierarchy is generated as 〈φ〉 /M∗ ≡ ǫ ∼ O(10
−1).
In this paper, we discuss the anomalous U(1)A gauge symmetry as a mechanism of
generating the mild hierarchy MGUT/M∗.
1 We first show that the standard SUSY GUT
based on a simple group cannot be realized unless some parameters are “tuned” and
that models with product gauge groups are preferred instead. Here, we construct the
“R-invariant natural unification” model [5] based on gauge groups SU(5)GUT×U(3)H , in
which the symmetry breaking scale ≃ 2 × 1016GeV is induced through the anomalous
U(1)A breaking. We also show that this model has various phenomenologically desirable
features that the doublet-triplet splitting problem is solved, proton decays induced by
dimension four and five operators [6, 7] are suppressed by R-symmetry and ms 6= mµ
1 There are several attempts to generate the hierarchy MGUT /M∗ [4].
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without violating the GUT relation, mb = mτ .
2 Standard SUSY GUT models
In this section, we show that it is difficult to generate the GUT scale through anomalous
U(1)A breaking in the standard SUSY SU(5) GUT models. In order to break SU(5)
down to SU(3)C×SU(2)L×U(1)Y , a Higgs field Σ in adjoint representation must have
an appropriate vacuum expectation value (VEV), 〈Σ〉 /M∗ ∼ O(10
−2). Since there is no
scale but the breaking scale of the anomalous U(1)A gauge symmetry, VEV of a field
with a negative U(1)A charge −q is controlled by its U(1)A charge and is of order ǫ
qM∗
in general. That is, the field Σ is required to have a negative U(1)A charge −2.
Now, we give a simple example for generating the GUT scale. Since Σ has U(1)A
charge −2, we have to introduce another field Σ′ in adjoint representation with a positive
U(1)A charge 4 to have a nontrivial superpotential. Consider the following superpoten-
tial,2
W = κΣ′

(
φ
M∗
)2
M∗Σ+ κ
′Σ2
+ κ′′
(
φ
M∗
)8
M∗Σ
′2, (2)
where parameters, κ’s, are assumed to be of order unity. There is a desirable SUSY
vacuum which breaks SU(5) down to SU(3)C×SU(2)L×U(1)Y ,
〈Σ〉 /M∗ ≃ (ǫ
2/κ′)diag(2, 2, 2,−3,−3). (3)
The generated GUT scale is indeed O(ǫ2M∗) and the masses for broken gauge bosons,
MV , and those for (8, 1), (1, 3) components in Σ and Σ
′, MΣ, are of order ǫ
2M∗, while
masses for (3, 2⋆) and (3⋆, 2) components in Σ′, MX , of order ǫ
8M∗ ≪ MGUT . However,
the disparity of the masses for various fields which belong to the same representation
under SU(5) disturbs the unification of gauge coupling constants. We show it explicitly
by considering the following combination of standard-model gauge coupling constants.
From renormalization group equations (RGEs) at one-loop level, we get [8](
5
α1
−
3
α2
−
2
α3
)
(mZ) =
8
2π
ln
(
mSUSY
mZ
)
+
12
2π
ln
(
M2VM
2
Σ
m3ZMX
)
. (4)
2 The last term is necessary to give masses for (3,2⋆) and (3⋆,2) components in Σ′, since (3,2⋆)
and (3⋆,2) in Σ are absorbed into broken gauge bosons.
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The observed values for standard-model gauge couplings constrain the combination of
masses in the last term as(
M2VM
2
Σ
MX
)1/3
≃MGUT ≃ 2× 10
16GeV. (5)
On the other hand, (M2VM
2
Σ/MX)
1/3 is almost equal to M∗ in the present model, since
factors ǫ in MV , MΣ and MX are cancelled out. It implies that the standard-model
gauge coupling constants do not unify at the high-energy scale due to the mass splitting
among various fields in the SU(5) multiplet Σ′. We show, in Appendix, that such a
situation cannot be avoided by adding fields in various representations. One possibility
for avoiding it is to “tune” some parameters. For example, if we assume that κ is not
of order unity but O(10−3) in the superpotential Eq. (2), MΣ ≃ 10
−3ǫ2M∗ and the
combination (M2VM
2
Σ/MX)
1/3 is 10−2M∗ ≃ 10
16GeV.
In this paper we pursue another possibility in which no “tuning” is required. It
implies that we discard a “simple” idea that the standard-model gauge groups unify to
one simple gauge symmetry. That is, we need GUT models with product gauge groups.
As such models, we consider “R-invariant natural unification” model with a gauge group
SU(5)×U(3)H [5], since the anomalous U(1)A gauge symmetry is naturally embedded in
this model. Moreover, it has various desirable features in view of phenomenology.
3 R-invariant unification model
Let us first discuss briefly the “R-invariant natural unification” model which is based
on a SUSY SU(5)GUT×U(3)H gauge theory with an unbroken R symmetry [5]. The
SU(5)GUT is the usual GUT gauge group and its coupling constant is in a perturbative
regime, while the U(3)H is a hypercolor gauge group whose coupling is strong at the
GUT scale. Here, GUT means unification of all gauge groups, SU(3)C , SU(2)L and
U(1)Y , in the standard model. The quarks and leptons obey the usual transformation
law under the GUT group SU(5)GUT and they are all singlets of the hypercolor group
U(3)H . A pair of Higgs multiplets Hr and H¯
r (r = 1, · · · , 5) transform as 5 + 5⋆ under
the SU(5)GUT and as singlets under the U(3)H .
All the matter multiplets introduced so far are the same as in the minimal SUSY
3
SU(5) model. We now introduce six pairs of hyperquarks Qρα and Q¯
α
ρ (α = 1, · · · , 3;
ρ = 1, · · · , 6) which transform as 3 and 3⋆ under the hypercolor SU(3)H and have U(1)H
charges 1 and −1, respectively (SU(3)H×U(1)H ≡U(3)H). The first five pairs of Q
r
α and
Q¯αr (r = 1, · · · , 5) belong to 5
⋆ and 5 of SU(5)GUT and the last pair of Q
6
α and Q¯
α
6 are
singlets of SU(5)GUT . To cause a breaking of the total gauge group SU(5)GUT×U(3)H
down to the standard-model gauge groups, SU(3)C×SU(2)L×U(1)Y , we introduce an-
other chiral multiplet Xαβ coupled to Q
r
α and Q¯
α
r , which is an adjoint representation of
the SU(3)H . Since Q
r
α and Q¯
α
r are supposed to have VEV of order of the GUT scale, they
must be trivial representations of the R symmetry U(1)R [5], and hence the X
α
β carry
R-charge two. R charges for all matter multiplets besides quark and lepton multiplets
are given in Table 1.
To suppress unwanted nonrenormalizable interactions in superpotential we further
impose an axial U(1)A symmetry, under which the hyperquarks Q
r
α and Q¯
α
r and the
adjoint Xαβ transform as
Qrα → e
iθQrα, Q¯
α
r → e
iθQ¯αr , X
α
β → e
−2iθXαβ . (6)
U(1)A charges for all matter multiplets besides quark and lepton multiplets are also given
in Table 1.
Qrα Q¯
α
r Q
6
α Q¯
α
6 X
α
β Hr H¯
r φ χ
U(1)R 0 0 2 2 2 0 0 0 2
U(1)A −2 −2 2 2 4 0 0 −1 4
Table 1: Charge assignments in the Higgs sector.
Then, we have a superpotential3
W = λQrαQ¯
β
rX
α
β + hQ
r
αQ¯
α
6Hr + h¯Q
6
αQ¯
α
r H¯
r. (7)
Notice that the R charges for Hr and H¯
r are vanishing and those for Q6α and Q¯
α
6 are
two. As shown in Ref. [5] we have the desirable vacua;〈
Xαβ
〉
=
〈
Q6α
〉
=
〈
Q¯α6
〉
= 0,
〈
Hr
〉
=
〈
H¯r
〉
= 0,
〈
Qrα
〉
= vδrα,
〈
Q¯αr
〉
= vδαr . (8)
3 The imposition of U(1)A and U(1)R alone allows nonrenormalizable interactions which include
arbitrary powers of HrH¯
r/M2
∗
.
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For v 6= 0, the total gauge group, SU(5)GUT×U(3)H , is broken down to SU(3)C
×SU(2)L×U(1)Y and hence the v corresponds to the GUT scale. In these vacua, the
color SU(3)C is an unbroken linear combination of an SU(3) subgroup of the SU(5)GUT
and the hypercolor SU(3)H , and the hypercharge U(1)Y is that of a U(1) subgroup of
the SU(5)GUT and the strong U(1)H . Thus, the gauge coupling constants α3, α2 and α1
of SU(3)C×SU(2)L×U(1)Y are given by
α3 ≃
αGUT
1 + αGUT/α3H
, α2 = αGUT, α1 ≃
αGUT
1 + 1
15
αGUT/α1H
, (9)
where α3H and α1H are gauge coupling constants for the hypercolor SU(3)H and U(1)H ,
respectively. We see that the unification of three gauge coupling constants, α3, α2 and α1,
is practically achieved in a strong coupling regime of the hypercolor gauge interactions,
that is, α3H and α1H ≫ O(1).
Interesting is that the color triplets Ha and H¯
a (a = 1, · · · , 3) acquire masses of
order v together with the sixth hyperquarks Q¯α6 and Q
6
α in the vacua Eq. (8), while the
weak doublets Hl and H¯
l (l = 4, 5) remain massless since there are no partners for them
to form R-invariant masses. The masslessness for these doublets is guaranteed by the
unbroken U(1)R symmetry.
4
So far, the GUT scale v is undetermined because of the presence of a flat direction
in the present vacua. We identify the axial U(1)A with the anomalous U(1)A gauge
symmetry and show that the GUT scale v is determined by the breaking scale of the
anomalous U(1)A. To obtain the desirable value for v ≃ 2 × 10
16GeV we introduce a
singlet χ with a U(1)A charge +4 and the following superpotential
W = kQrαQ¯
α
rχ+
k′
M2∗
φ4χ. (10)
Here, we have assumed R charges for χ and φ are two and zero, respectively. Then, we
get the GUT scale with a correct magnitude
v ≃
√
k′
k
〈φ〉2
M∗
∼ O(1016GeV), (11)
for k, k′ ∼ O(1).
4 The U(1)R symmetry is broken down to a discrete subgroup Z4R by the hypercolor SU(3)H anomaly.
However, the unbroken subgroup Z4R is sufficient to keep the Higgs doublets massless.
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4 Quark and lepton mass matrices
Let us turn to discuss quark and lepton mass matrices. It is very attractive to use
the above φ field generating hierarchies in quark and lepton mass matrices [9, 10]. We
tentatively assume U(1)A charges for quark and lepton multiplets, 5
⋆
i and 10i (i =
1, · · · , 3) as shown in Table 2 [11] where U(1)R charges are also given. There are two
cases for the assignment of U(1)A charges corresponding that tanβ is small or large,
where tanβ is the ratio of the VEVs of the Higgs (tan β = 〈H〉 /〈H¯〉). That is, τ = 1
for small tan β ∼ O(1) and τ = 0 for large tanβ ∼ O(1/ǫ).
101 102 103 5
⋆
1 5
⋆
2 5
⋆
3 H
′(45) H¯ ′(45⋆)
U(1)R 1 1 1 1 1 1 0 2
U(1)A 2 1 0 τ + 1 τ τ −τ − 1 4
Table 2: Charge assignments for the matter fields.
Because of the U(1)A invariance and 〈φ〉 /M∗ = ǫ, we obtain the Yukawa matrix for
up-type quarks as
λ̂u ≃
 ǫ
4 ǫ3 ǫ2
ǫ3 ǫ2 ǫ
ǫ2 ǫ 1
 , (12)
and those for down-type quarks and charged leptons as
λ̂d = λ̂l ≃ ǫ
τ
 ǫ
3 ǫ2 ǫ2
ǫ2 ǫ ǫ
ǫ 1 1
 . (13)
Each element in the matrices has an undetermined coefficient of order unity. If ǫ ≃ 1/20,
the above mass matrices are roughly consistent with observations except for the unwanted
GUT relations
ms = mµ and md = me. (14)
It is only the GUT condensation,
〈
Qrα
〉
= vδrα and
〈
Q¯αr
〉
= vδαr , that can break these
unwanted GUT relations. In the above model, however, a possible operator is only
1
M2∗
5⋆1101H¯
〈
QαQ¯
α
〉
(15)
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for τ = 1 and nothing for τ = 0. Thus, it cannot lead to sufficient contributions to the
quark and lepton mass matrices. A way to solve this problem is to introduce another
pair of Higgs multiplets H ′ and H¯ ′ transforming as 45 and 45⋆ under the SU(5)GUT.
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We assign U(1)A charge for 45 so that the following Yukawa coupling is possible,
5⋆2102H
′(45). (16)
On the other hand, since the existence of 5⋆3103H
′(45) would break the successful GUT
relation mb = mτ , U(1)A and U(1)R charges for H
′(45) are determined as in Table 2.
Now, massless Higgs doublet H¯f is a linear combination of doublets, H¯f (5
⋆) in H¯(5⋆)
and H ′f(45) in H
′(45). Mixing angle θ is determined by the following superpotential
W = H ′(45)H¯ ′(45⋆)
φ2
M∗
( or
φ3
M2∗
) +
1
M∗
H¯(5⋆)H¯ ′(45⋆)
〈
QαQ¯
α
〉
, (17)
for τ = 1 (or τ = 0). Here, we have taken U(1)A and U(1)R charges for H¯
′(45⋆) as in
Table 2. We get θ ≃ 〈φ〉2 /M2∗ ( or 〈φ〉 /M∗ ) where θ is defined as
H¯f = H¯f(5
⋆) cos θ +H ′f (45) sin θ. (18)
This gives 〈
H ′f(45)
〉
≃ ǫ2 (or ǫ)
〈
H¯f
〉
, (19)〈
H¯f(5
⋆)
〉
≃
〈
H¯f
〉
, (20)
which leads to a required magnitude of the violation of the unwanted GUT relations,
ms = mµ and md = me, as follows:
δλ̂d ≃ (−2)× ǫ
τ
 ǫ
3 ǫ2 ǫ2
ǫ2 ǫ ǫ
ǫ 0 0
 , δλ̂l ≃ 3× ǫτ
 ǫ
3 ǫ2 ǫ2
ǫ2 ǫ ǫ
ǫ 0 0
 . (21)
Note that the contribution from the GUT condensation for down-type quarks has an
opposite sign to that for charged leptons. It shows that we can get the relation ms < mµ
when the signs of (2, 2) elements in λ̂d and δλ̂d are opposite. If the GUT condensation is
not taken into account, Cabbibo angle is given by ǫ, which is smaller than the observed
value 0.22. However, due to the cancellation in (2,2) element in the mass matrix for
down-type quarks, we can get the desirable value.
5 Another way to solve the problem is to lower the cut-off scale, M∗, and change the U(1)A charge
assignments in Table 1.
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5 Anomaly cancellations
In this section, we discuss the cancellation of the U(1)A mixed anomalies, CG, with the
gauge groups G (G =SU(5)GUT , SU(3)H and U(1)H). In the above model, we obtain CG
as
CSU(5)GUT = 35−
21
2
τ,
CSU(3)H = 4,
CU(1)H = −48.
(22)
We find that U(1)A has the negative anomaly coefficient CU(1)H , which may not be
expected in usual heterotic string theories.6 In the heterotic string case there is the
universal relation to the mixed anomaly coefficients as follows:
CG
kG
= const., (23)
where kG is the Kac-Moody level, since only the dilaton field S plays a role in anomaly
cancellations or, in other words, there is only one antisymmetric tensor field, Bµν (Green-
Schwarz mechanism) [1].
However, we can consider the case where various moduli fields other than the dila-
ton cancel these anomalies (“generalized” Green-Schwarz mechanism). Indeed, such a
situation is realized in Type I and Type IIB string theories with orientifold compactifi-
cations [12]. The anomalous U(1) gauge symmetries in these theories have been studied
recently and it has been revealed that several anomalous U(1) gauge symmetries exist
corresponding to the existence of several antisymmetric tensors in twisted sectors.
The “generalized” Green-Schwarz mechanism is illustrated as follows. In this mech-
anism there are many moduli fields Mk which are coupled to field strength superfields
as
Lgauge =
∫
d2θ
(
kGS +
∑
k
ckGMk
)
W αGWGα, (24)
and these moduli fields transform under the U(1)A transformation, VA → VA+
i
2
(Λ−Λ†),
as
Mk → Mk + iδkΛ, (25)
6 Apparently, it seems possible that we add U(1)H -charged fields with positive U(1)A charges so that
the anomaly coefficient CU(1)H becomes positive. In that case, however, the gauge coupling constant
for U(1)H blows up below M∗.
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where ckG and δk are model-dependent constants. This gives the nonuniversal relation to
the mixed anomaly coefficients
CG = 4π
2
∑
k
ckGδk. (26)
It shows that the three anomalies in Eqs. (22) can be cancelled by the non-linear trans-
formation of the moduli fields Mk.
The origin of FI term is also different from that in the case of perturbative heterotic
string theories. FI term is not generated at one-loop level but is given by the VEVs of
moduli fields 〈Mk〉 at tree level as
LFI ≃ −
∑
k
δk 〈Mk〉M
2
∗DA ≡ ξ
2DA. (27)
Although the VEVs of the moduli fields 〈Mk〉 are undetermined in the present framework,
it seems natural to consider that the resulting FI term is one order smaller than M∗, i.e.
ǫ = ξ/M∗ ∼ 10
−1. Then, the conclusions in the previous sections are not affected.
6 Summary and Discussions
We have found that the idea that the GUT scale is generated through the anomalous
U(1)A breaking is compatible with the “R-invariant natural unification” model with
gauge groups SU(5)GUT×U(3)H . The Higgs field which breaks the GUT group has an
anomalous U(1)A charge and the unwanted GUT relations, ms = mµ and md = me, can
be avoided in a simple manner without violating the successful GUT relation, mb = mτ .
Also, the doublet-triplet splitting problem is solved naturally in the present model.
As for proton decay, the vacuum in this model preserves the U(1)R invariance and
R-parity is included in the U(1)R symmetry. Therefore, the dimension four and five
operators contributing to the proton decay [6, 7] are suppressed. Instead, the process
induced by the dimension six operators is dominant.
It is a crucial difference from the usual GUT models that the SU(3)C is an unbroken
linear combination of an SU(3) subgroup of the SU(5)GUT and the hypercolor SU(3)H .
It predicts a smaller value of the strong coupling constant α3. The current experimental
values of α3 [13] are consistent with the present model [14].
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We conclude this paper with a comment on neutrino masses [15]. Since neutrino
masses are written by the effective operators, (5⋆H)2, they are independent of U(1)A
charges of right handed neutrinos and are given by, [11]
m̂ν ≃ ǫ
2τ
 ǫ
2 ǫ ǫ
ǫ 1 1
ǫ 1 1
 m2t
M∗
. (28)
This mass matrix implies the large angle between the second and third generations and
either small or large angle between the first and second ones. However, the mass of
tau neutrino is of order of 10−5eV for tan β ∼ O(ǫ−1) or 10−7eV for tan β ∼ O(1).
It is smaller by several orders than the scale indicated by the atmospheric neutrino
oscillation [16]. There are two ways to generate a desirable mass scale. One way is to
introduce the U(1)B−L breaking scale as well as the anomalous U(1)A breaking scale. The
other is to extend the assignment of U(1)A charges given in Table 1 and Table 2. This
can be done because the assignment of U(1)A charges is not uniquely determined by the
following conditions: QQ¯ has charge −4, the mixed anomaly U(1)H-U(1)
2
A vanishes, HH¯
has charge 0 in order to use the Giudice-Masiero mechanism for µ and Bµ terms [17],
and the superpotential (7) is U(1)A invariant. The U(1)A charges for various fields are
given in Table 3.
Qrα Q¯
α
r Q
6
α Q¯
α
6 X
α
β Hr H¯
r φ χ
U(1)A −2 − p −2 + p 2− 5p 2 + 5p 4 −4p 4p −1 4
101 102 103 5
⋆
1 5
⋆
2 5
⋆
3 H
′(45) H¯ ′(45⋆)
U(1)A 2 + 2p 1 + 2p 2p τ + 1− 6p τ − 6p τ − 6p −τ − 1 + 4p 4− 4p
Table 3: Assignment of U(1)A charges. p is an arbitrary parameter. Taking p = 0
corresponds to the assignment given in Table 1 and 2.
For this charge assignment we are to replace the coefficient ǫ2τ with ǫ−20p+2τ in
Eq. (28). If we take p = 1/4 and τ = 1, we can get desirable tau neutrino mass,
mντ ≃ ǫ
−3m2t/M∗ ∼ 0.1eV. With this charge assignment, dimension four baryon-number-
violating operators are completely suppressed by an unbroken discrete gauge symmetry.
It is also desirable that no other scales are required to understand the neutrino masses.
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Appendix
In this appendix, we show by using the RGEs that the unification to SU(5) cannot be
realized without “tuning” if all scales are generated by the breaking of the anomalous
U(1)A gauge symmetry. We consider generic SU(5) GUT models in which there are
matter fields ΨI with U(1)A charges qI in various representations RI of SU(5) in addition
to quark and lepton multiplets, 5⋆i and 10i, and the Higgs multiplets, H(5) and H¯(5
⋆).
The adjoint Higgs Σ and Σ′ are included in ΨI . Owing to the breaking of GUT, the
field in a representation RI is decomposed into fields ψI,i in representations rI,i of
SU(3)C×SU(2)L×U(1)Y , which have SUSY masses MI,i.
From the RGEs at one-loop level, we get 1/α31/α2
1/α1
 (mZ) =
 11
1
{ 1
α5(M∗)
−
3
2π
ln
(
M∗
mZ
)}
−
1
2π
 425/6
5/2
 ln(mSUSY
mZ
)
+
1
2π
 46
10
 ln(MV
mZ
)
−
1
2π
× 2
 1/20
1/5
 ln(MHC
mZ
)
−
1
2π
∑
(I,i)
′
 T3(rI,i)T2(rI,i)
T1(rI,i)
 ln(MI,i
mZ
)
, (29)
where MV is the mass of the broken gauge bosons and MHC is that of the colored Higgs.
Tn(r) (n = 1, 2, 3) is the half of the Dynkin index for representation r. The primed sum in
the last term means that Goldstone modes for SU(5) breaking, (3, 2⋆)−5/6 and (3
⋆, 2)5/6,
are not included. Now, we take the following linear combination of standard-model
gauge coupling constants in order to drop the contributions from fields in fundamental
representations or its complex conjugates, 5 and 5⋆, including the colored Higgs,(
5
α1
−
3
α2
−
2
α3
)
(mZ) =
8
2π
ln
(
mSUSY
mZ
)
+
24
2π
ln
(
MV
mZ
)
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+
1
2π
∑
(I,i)
′
{
2T3(rI,i) + 3T2(rI,i)− 5T1(rI,i)
}
ln
(
MI,i
mZ
)
. (30)
The sum in the last term can be rewritten as the sum of the contributions from various
representations r of SU(3)C×SU(2)L×U(1)Y ,
1
2π
∑
r
{
2T3(r) + 3T2(r)− 5T1(r)
}
ln

∏
(I,i)
′
rI,i=r
(
MI,i
mZ
) . (31)
Recall that MI,i are eigenvalues for the mass matrices, M
r , for representations r which
are determined when a specific superpotential is given. Even if we do not specified a
superpotential, however, we are able to see the structure of the mass matrices using their
U(1)A charges as follows,∏
(I,i)
rI,i=r
MI,i = detM
r
(I,i),(J¯ ,¯) ≃ det
[
ǫqI+qJ¯M∗
]
≃

∏
(I,i)
rI,i=r
ǫqIM1/2∗


∏
(J¯ ,¯)
rJ¯,¯=r
⋆
ǫqJ¯M1/2∗

. (32)
Note that this equation is not valid for r= (3, 2⋆)−5/6 and (3
⋆, 2)5/6, since the mass
matrices for (3, 2⋆)−5/6 and (3
⋆, 2)5/6 have a zero eigenvalue corresponding to the Gold-
stone mode. Nevertheless, the relation similar to Eq. (32) holds also for r= (3, 2⋆)−5/6
including the mass of broken gauge boson, MV .
Suppose that the SU(5) multiplet ΨX includes the Goldstone modes and has a neg-
ative anomalous U(1)A charge qX < 0. Then, the mass for the broken gauge bosons is
given by
MV ≃ g5 〈ΨX〉 ≃ ǫ
−qXM∗. (33)
The second term in Eq. (30) is rewritten as
24
2π
ln
(
MV
mZ
)
≃ (−6)×
(−4)
2π
ln
(
ǫ−qXM∗
mZ
)
(34)
= (−6)×
4
2π
ln
ǫqXM1/2∗
m
1/2
Z
+ 12
2π
ln
(
M∗
mZ
)3
, (35)
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and the first term in Eq. (35) can be combined with the mass matrices for r= (3, 2⋆)−5/6
and (3⋆, 2)5/6, giving the relation similar to Eq. (32) asǫqXM1/2∗
m
1/2
Z
+ ∏
(I,i)
′
rI,i=r
MI,i =
ǫqXM1/2∗
m
1/2
Z
+ det′Mr(I,i),(J¯ ,¯) ≃ det [ǫqI+qJ¯M∗] . (36)
Using Eqs. (32, 36), the Eq. (30) is expressed as
(
5
α1
−
3
α2
−
2
α3
)
(mZ) =
8
2π
ln
(
mSUSY
mZ
)
+
12
2π
ln
(
M∗
mZ
)3
+
2
2π
∑
I
ln
ǫqIM1/2∗
m
1/2
Z
[∑
i
{
2T3(rI,i) + 3T2(rI,i)− 5T1(rI,i)
}]
. (37)
The last terms vanish, since
∑
i Tn(rI,i) = T (rI) for each I and
∑
i
{
2T3(rI,i)+3T2(rI,i)−
5T1(rI,i)
}
= 0. Thus, we find that factors ǫ are cancelled out, so that the mass scale
appearing in the RGE is not MGUT which is indicated by the observation but M∗. It
implies that the coupling unification cannot be realized even if we add matters in various
representations.
Note that in the above argument we have assumed that all unknown coefficients are
of order unity and there are no cancellations in diagonalizing the mass matrices. As is
remarked in Section 2, if we allow “tuning” of order 10−3 the coupling unification can
be realized.
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